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ABSTRACT

When online ads are shown together, they compete for user
attention and conversions, imposing negative externalities on
each other. We study the simplest form that an advertiser’s
valuation can have in the presence of such externalities— an
advertiser’s value depends on whether her ad is shown ex-
clusively, or along with other ads. A mechanism such as the
GSP auction, which always displays a full slate of ads, can be
arbitrarily inefficient given such two-dimensional valuations;
further, expanding the outcome space need not be enough—
when the advertiser pays for an impression or a click, but
derives value from a conversion, the private value of the ad-
vertiser is affected by the externality as well, leading to the
need for a more expressive bidding language.

In this paper, we study the design of expressive mech-
anisms which are extensions of the GSP auction currently
used in practice. Our mechanisms show either a single ad
exclusively, or multiple ads simultaneously, with the prop-
erty that the allocation and pricing are identical to GSP
when multiple ads are shown. We investigate the equilibria
of these mechanisms, and show that the revenue when multi-
ple ads are shown dominates the VCG revenue. In equilibria
where a single ad is shown, the revenue can actually be lower
than that of VCG; however, this loss is bounded within a
factor of two.

The increased efficiency from using the more expressive
mechanism can come, unfortunately, with a loss in revenue
with respect to the existing GSP mechanism in some cases.
We design a mechanism which has a one-dimensional bid-
ding language, while still allowing two types of outcomes,
for situations where the private values are approximately
one-dimensional. We show that this mechanism, while re-
taining the revenue and efficiency properties of the previous
mechanisms, also revenue dominates the existing GSP mech-
anism.
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1. INTRODUCTION

Online advertisements shown alongside each other
compete—first, for the user’s attention, and then for a con-
version. The effectiveness of an ad, therefore, depends not
only on targeting it accurately to a relevant user, but also on
the set of other advertisements that are displayed along with
it: when high-quality competing ads are shown alongside an
ad for a product, the chance that the user will eventually
purchase the product is diminished. Online ads that are
shown together thus impose negative externalities on each
other.

This externality effect comes from two factors. First, the
presence of other advertisements decreases the amount of
attention an ad gets from a user: the user may not notice or
click on an ad because of other competing ads. Second, even
if a user notices or clicks on an ad, he may not convert on it,
but instead convert on a competing advertisement (in fact,
a user looking to purchase a product would arguably click
on multiple ads before deciding on which one to convert on,
and indeed, anecdotal evidence suggests that a significant
fraction of ad clicks come from searches in which another
ad was also clicked). Thus the presence of other ads af-
fects not only the clickthrough rate, but potentially also the
per click value of an ad. To account for such externalities,
it is not enough to model and estimate the effect of other
ads on clickthrough rates alone; rather, the outcomes and
bidding languages offered by the auction mechanism must
themselves be adequately expressive.

In this paper, we take the first steps towards designing
mechanisms that are efficient in the presence of such exter-
nalities. In general, an advertiser’s value in the presence of
externalities is a function v : 2" — R.' We adopt the sim-
plest version of such a valuation, where an advertiser’s value
depends on whether or not other advertisers are shown along
with him, i.e., whether he is shown exclusively or not. Cor-
respondingly, our mechanisms have two kinds of outcomes,
one where a single ad is shown exclusively, and the other
consisting of the standard slate of multiple ads displayed
together.

Such a simplification is quite reasonable in the context
of online advertising, for multiple reasons. First, express-
ing complex valuations imposes a heavy cognitive burden
on advertisers (particularly the less sophisticated advertis-
ers), who may not be able to, or want to, accurately de-
termine their values for a wide range of outcomes. Second,
the allocation problem when the value is a function of the
identity of other advertisers becomes, in general, computa-
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tionally intractable and inapproximable, as can be seen by
an easy reduction from independent set. Moreover, when
the set of displayed ads are all chosen to be highly relevant
to the same query or content, a reasonable first approxi-
mation is that the loss in value due to the externality ef-
fect depends mainly on the number of other ads displayed
along with, rather than their identity. If k is the number of
slots, this valuation would be represented by a (decreasing)
k-dimensional vector— our two-dimensional valuation is a
simple approximation, especially from an advertiser’s point
of view, for such a vector.

‘We next consider the question of a suitably expressive bid-
ding language. In any model where an advertiser pays for
an action (such as an impression or a click) which is differ-
ent from the action she derives value from (a conversion),
some part of the externality effect is incorporated into the
private value of the advertiser, leading to the need for a
two-dimensional bidding language. For instance, consider
display advertising, which is sold on a pay per impression
(CPM) basis. Since an advertiser ultimately derives value
from conversions, and the rate of conversions conditional
on an impression depends on whether or not other ads are
shown along with, an advertiser’s value per impression will
be different depending on whether the ad is shown exclu-
sively or with other advertisers. The same rationale applies
to the pay per click models (CPC) used in sponsored search
as well: advertisers pay per click, but derive value per con-
version. If the probability of a conversion conditional on
a click is different depending on whether or not other ads
are simultaneously displayed, the advertiser’s value per click
will be different as well. Our mechanisms for display adver-
tising (CPM) and sponsored search (CPC) therefore have a
two-dimensional bidding language, where advertisers specify
two bids, corresponding to their willingness to pay depend-
ing on whether they are shown exclusively or with other
advertisers. However, in CPA models, or in CPC models
where the change in value per click is negligible compared
to the change in clickthrough rate in the presence of exter-
nalities, (that is, the change in the probability of conversion
conditional on a click is negligible when multiple advertisers
are shown together), a one-dimensional bidding language is
adequate.

We will be interested in designing mechanisms that are
extensions of the generalized second price auction (GSP)
currently used to sell sponsored search ads, in the following
sense: when the auction displays multiple ads together, we
would like our mechanisms to use the same pricing and al-
location rule as the GSP auction. Such auctions have the
benefit that advertisers see no difference between the exist-
ing system and the new system when multiple ads are dis-
played together as before; they are also are easier to build
and integrate with the existing system. Auctions which are
extensions of GSP therefore have a better chance of actually
being deployed in practice.

Results and Organization. We present auctions with
expressive outcomes that are extensions of the GSP auction
for CPM 2, CPC, and CPA-based systems in §3, §4 and §5,
respectively. We analyze the efficiency and revenue proper-
ties of equilibria in each of these auctions. When multiple
ads are displayed (in an envy-free equilibrium), the revenue
from our auctions dominates that of VCG (note that this is

2Display ads are increasingly being sold by auction, for in-
stance, on the Right Media Exchange.

not implied by the corresponding statement in [9] and [4],
since the VCG payments in our model are different from
(and larger than) the VCG payments in the model corre-
sponding to the current GSP auction, due to the extra out-
come possible). Unlike in [9] and [4], there can also exist
equilibria with revenue lower than the VCG revenue; how-
ever, the loss in efficiency and revenue is bounded within
a factor two in all ”good” equilibria® (similar results hold
for efficiency). For the CPM auction, we give a construc-
tive proof that such good equilibria always exist in 3.1 and
Theorem 3.1 (the result appears to be significantly harder
to prove in the presence of clickthrough rates, and is work
in progress.)

The increased efficiency from using the more expressive
mechanism can come, unfortunately, with a loss in revenue
with respect to the existing GSP mechanism, in situations
where most advertisers’s private values with and without
exclusivity are similar . In §5, we design a mechanism for
situations where the private values are approximately one-
dimensional, which has a one-dimensional bidding language
while still allowing two types of outcomes. We show that
this mechanism, while retaining the revenue and efficiency
properties of the previous mechanisms, also never suffers a
loss in revenue with respect to the existing GSP mechanism.

Related Work. Externalities in online advertising have
recently received plenty of attention in the literature, start-
ing with the work in [5]. Externalities in sponsored search
are studied by [1], [7], and [6], all based on a Markovian
model of user clicking behavior: [1] and [7] study the al-
gorithmic allocation problem in this model, while [6] ana-
lyzes the equilibria of the GSP mechanism with this model.
These papers all model the externality effect via the effect
on clickthrough rates, and do not address the issue of the
conversion probability conditional on a click changing with
the ads displayed. The work in [3] is more similar to ours
in that it models the fact that conversion rates are condi-
tional on clicks; however, it assumes a very specific form for
the externality effect based on a postulated model of user
behavior. Also, the paper focuses on analyzing equilibria
for this model of conversion rates under the ezisting GSP
mechanism, whereas we focus on designing more expressive
mechanisms instead.

In [8], the authors study auctions with share-averse bid-
ders, i.e., bidders suffering from negative externalities when
item is shared amongst multiple competitors, exactly as
in online advertising. However, while the authors study
the problem of characterizing the revenue-maximizing sin-
gle item auction for this setting, we are interested in an
auction that exactly matches the current GSP auction when
multiple slots are displayed.

A primary motivation for our work is the loss in efficiency
due to limited expressiveness. The work in [2] provides a
general theory for expressiveness in mechanisms, and relates
the efficiency of mechanisms to their expressiveness in a do-
main independent manner.

2. MODEL

The model we use is the following. There are n advertisers
bidding for a page containing k slots in which ads can be
displayed. We use S to refer to an outcome where only a
single ad is displayed on the page, and M to refer to an

3Equilibria where losers bid at least their true value



outcome where multiple ads are displayed. (All k slots are
filled when multiple ads are displayed, since advertisers do
not express different values for filling fewer slots.) We denote
the CTR of the i-th slot in outcome M by 6;, and the CTR
of the only slot in outcome S by 8; it is natural to expect
6 >6; > ...> 0. Our results also extend to the case of
separable clickthrough rates, where the clickthrough rate of
an ad in a slot is a product of an ad-dependent clickability
and a slot-dependent clickability; we use the simpler model
for clarity of exposition. Note that clickthrough rates are not
relevant in §3, where advertisers bid and pay per impression.

Each advertiser has an underlying two-dimensional pri-
vate valuation (v, vé): advertiser ¢ has value v; if he shown
exclusively (corresponding to outcome S), and v} if other ads
are shown as well (corresponding to outcome M). We assume
that advertisers are ordered so that v > vh > ... > v),.
We will make the natural assumption that each advertiser
(weakly) prefers exclusivity, i.e., v; > vj. We will refer to the
values v; as S-values, and the values v; as M-values. (In §5,
where v; = v; (i.e., when bidder valuations are essentially
one-dimensional), we use v; to denote the private values, and
number advertisers so that v1 > ... > v,. )

Each advertiser’s two-dimensional bid is denoted (b;, b;),
where b; and b represents her bids for outcomes S and M
respectively. Again, we refer to the bids b; as S-bids, and the
bids b, as M-bids. We define indices m1, ..., m, such that
by, > ... > by, , ie., according to the ordering of the M-
bids. (In §5, where the bidding language is one-dimensional
we use b; to denote the bids, and the m; are defined ac-
cordingly. ) In the case of ties between advertisers, we will
assume oracle access to the true values for tiebreaking®.

We will use the indices max and max? to denote the
bidders with the highest and second highest S-values, so
Umax > v; for every i, and v,,.2 > v; for every i # max.
We will also abuse notation to use bmax and b,,,.2 to denote
the highest and second highest S-bids, respectively (in all
equilibria of interest, these will actually correspond to the
same bidders as with the true S-values).

A mechanism for this setting decides whether to allocate
only one ad or multiple ads to be displayed on the page
(i.e., S or M), and which advertisers to display. It then de-
termines a payment for each winning advertiser. The VCG
mechanism, of course, applies to each of these settings, and
is a truthful mechanism which always produces an efficient
(i-e., welfare maximizing) outcome. We will use VCG2p to
denote the VCG mechanism applied to the setting in §3 and
84, where bidder values are two-dimensional, and VCG1p to
denote VCG applied to the setting in §5, where bidder values
are one-dimensional. Finally, we use VCGys to denote VCG
for the setting studied in [9], where the only possible out-
come is M and advertisers have one-dimensional valuations.
We make this distinction to easily distinguish between the
VCG revenues in the various settings.

We will be interested only in equilibria where losers bid
at least their true value, which we will refer to as "good”
equilibria. This is particularly relevant when the outcome
is S: while there might be Nash equilibria where the losing
bidders must bid b, < v, to ensure that the winner has
no incentive to deviate to outcome M, it is unreasonable
to expect that the losing bidders will not bid higher in an
effort to change the outcome to M, which would give them

4This assumption is made only for clarity of presentation
and is not at all essential to the proofs.

positive utility. Thus Nash equilibria where the outcome is S
but losers bid less than their true values simply to maintain
equilibrium are unlikely to exist in practice.

3. CPM SYSTEMS

In this section, we begin with a setting where advertisers
bid and pay per impression, i.e., on a CPM basis. That is,
the values (v;,v;) and bids (b;, ;) are per impression values
and bids respectively. This is the model most commonly
used in display advertising, where brand advertisers are in-
terested in simply displaying their advertisements to rele-
vant users based on age, gender, demographics, etc. The
importance of allowing expressive bidding is most evident in
this setting, since the effectiveness of a display ad depends
strongly on whether competing advertisements are shown
along with or not.

The VCG mechanism for this setting is given below. Since
it is a truthful mechanism, we use the values in place of bids
when stating the allocation and payment rules.

ExXAMPLE 3.1. VCGap: The VCG mechanism first com-
pares Vmax and v + vh 4+ ...+ vj.

o If Umax > v + V5 + ... + vy, VCGap allocates the
page to only one advertiser, namely max, and charges
him the sum of the k highest vis (excluding himself)
or the second highest Sbid, whichever is larger. That
is, if 1 < max < k, his payment is max(v,.2, v +
oo+ Vlax -1+ Umax +1+- .. + V4 1), otherwise, he pays
max(Vyay2, V] + 5+ ...+ ).

o If Umax < V] + 05 4 ...+ v}, then the allocation will
be M, but the pricing is more involved: it can be seen
that the i-th advertiser (for i < k) has to pay vi i +
max (0, vmax_; — (V' — v})), where max_; denotes the
advertiser with highest S bid excluding advertiseri, and
V' =vi+...4vjq. The expression roughly states that
a winner should always pay at least vy, the highest
rejected bid; in case the outcome changes to S with
him dropping out, he should pay an extra amount equal
to the difference in the welfare of S and M outcomes.
In other words, the possibility of the S outcome can
increase the price for winners in a M outcome as much
as max (0, Vmax_; — (V' —v})).

Recall that we want to design a mechanism that is as sim-
ilar as possible to GSPys: in particular, we want the pricing
and allocation to be exactly the same as G'SPy; with bids b}
if the outcome is M. We propose the following mechanism
as a generalization of GSP for the new environment.

1. GSP:p: The mechanism GSPap compares bmax to
Vg +ms 4 oAb, | to decide whether the outcome should
be S or M.

® If bmax > by + by + oo+ b,
a S to bidder max, and charge him max(bj,, + by, +

...+b;nk+1,bmaxz).

assign the page as

® If bmax < by, + by +... + b;nkﬂ, assign the page to
bidders 1, ...,k and charge them according to GSP.

(We point out that in any equilibrium in which losing bidders
bid at least their true value, the bidders mai,...,my are
exactly 1,...,k.)



Observe that the natural algorithm, which compares b ax
with by, + by, + ... + b, , does not quite work: if the
bidder 1, with the highest M-value, is different from the
bidder max with the highest S-value, bidder 1 will always
set b] = bmax — € which changes the outcome to M at no cost
to bidder 1 (as long as there is some other non-zero bid b;),
since the pricing when the outcome is M according to GSP
remains bh.

We next analyze the efficiency and revenue of equilibria in
GSPsp. The restriction to using GS Py when the outcome
is M does cause a loss in efficiency and revenue with respect
to VCGap. However, as we show below, GSP>p has fairly
nice properties with respect to both efficiency and revenue.

We first prove that a good equilibrium always exists (recall
that a good equilibrium is one where losers bid at least their
true value).

LEMMA 3.1. Suppose the efficient outcome is S. There is
an equilibrium with outcome S where losers bid at least their
true values.

PROOF. Suppose the losers are bidding their true values.
Note that the winner must be the bidder max with S-value
Umax. We show that max prefers outcome S to M if the
efficient outcome is S.

z

k
VUmax 2 Z U; 2 Z
=1

1=2,i7#max

/ / !
U; + VUmax — Vk+1

where z is chosen such that there are k terms in the sum-
mation. Rearranging, we get

z

Umax — g

1=2,i#max

/ / /
V; 2 VUmax — Uk+17

that is, max prefers S. The vector of bids (0o, 0) and (v;, v)
for i # max is an equilibrium with outcome S. Note that if
a loser bids oo to change the outcome to M, he has to pay at
least v; which leads to negative utility for him (recall that
b} does not affect the outcome). [

Our next result is technically more interesting, and con-
structs an equilibrium when the efficient outcome is M.

THEOREM 3.1. Suppose the efficient outcome is M.
There is either an equilibrium with outcome M, or outcome
S where losers bid at least their true values, or both.

PRrROOF SKETCH. Suppose all bidders other than max bid
truthfully. If max (weakly) prefers outcome S, then as in
proof of 3.1, there exists vector of bids with outcome S where
losers bid truthfully.

Now suppose max (strictly) prefers M if other bidders bid
truthfully. According to GSP pricing, his payment for out-
come M is at least vy, and therefore, his utility is at most
Umax — Ukp1- Hence,

z

Umax — max( Z

1=2,i7#max

U;7’Umax2) < ’Ullnax - ’U;c+1 (1)

where z is defined as in proof of lemma 3.1. Denote by
b the vector of bids (E-,B;) = (v;,vj) for i # max, and

(Bmax>ginax) - (0070)
Now consider the vector of bids b: (b;,b) = (vi,vjyq) for

Zir 24

i < k+1, and (b;,b;) = (vs,v;) for all other bidders. If

Zir 2

max prefers outcome M with bids b, this is an equilibrium
vector of bids (note that no other bidder prefers S, since
his payment would be at least vmax > v; for all ¢). If not,
i.e. he strictly prefers outcome S with other bidders bidding
according to b:

Vmax — Max((k — 1)V41 + Vhtas Umax2) > Vmax — Vkt1- (2)

Note that the term v}, appears in the price of max for
S since max adjusts his M-bid to O if he is a winner with
outcome S.

Note that the only difference between the inequalities (1)
and (2) is the price of S, specifically, the term Z;Q,#max b;.
We therefore increase the bids b) of the bidders 1,...,k
(excluding max) at the same time (and at the same rate)
continuously, stopping for bidder i when b; = v. Since
Vmax — MAX(Y7_o i smax b;, Vmax2) iS a continuous function
of the b}’s, from (2) and (1), there exists b, b < b < b where
equality holds, i.e.,

z

Umax — max( Z bi? vmax2) = 'U:nax - UI/chl (3)

1=2,i7#max

i.e., max is indifferent between S and M. Note that the
vector of bids b has the form (b;,b;) = (v;,d) for ev-
ery i < t excluding max (for some ¢t and some ¢), and
(131,13;) = (vi,v;) for every i > t again excluding max, and
finally (bmax, Dnax) = (Zfi; bi — e, Vhg1)-

We prove that the vector of bids bis an equilibrium with
outcome M. First, note that bidder max is indifferent be-
tween outcomes M and S, therefore, he has no incentive to
deviate. Moreover, the outcome of this vector is M: in fact,
bmax is defined such that the outcome to be M. Furthermore,
no other bidder can benefit from decreasing the bid because
the outcome will switch to S leading to utility 0 for them.
All we need to show is that no bidder other than max (for
max we already know) can benefit from increasing b; and
winning the S outcome. Since inequality (2) is strict while
we have equality in (3), we must have

z

S W v

1=2,i#max
Therefore, there is € small enough such that

k+1
bmax = g bz — € > Upax2-
1=2

But l;max is a lower-bound on the payment of any bidder for
S, leading to negative utility for the bidder. [

Next, we investigate efficiency and revenue in good equi-
libria of GSP2p. The proofs of each of these results follows
from the proofs of the corresponding theorems in §4 and are
omitted, since the pay per impression model is a special case
of that in §4 with § = 6; = 1.

THEOREM 3.2 (EFFICIENCY). If the efficient outcome
i8S (Umax > V1 + vy + ... + vy,), there is no equilibrium
of GSP>p with outcome M.

Together with Lemma 3.1, this result shows that when the
efficient outcome is S, every good equilibrium of GSP:p is
efficient.



The same result does not hold when the efficient outcome
is M; inefficient good equilibria with outcome S can indeed
exist. However, the loss in efficiency in such equilibria is
always bounded, as the following result shows.

PROPOSITION 3.1  (EFFICIENCY). Suppose the efficient
outcome is M. FEvery equilibrium of GSPap with outcome
S where losers bid at least their true values has efficiency
within a factor 2 of the optimal.

Finally, we state the following result about the revenue of
G S Psp with respect to VCGap. Note that while GS Py had
the property that every envy-free equilibrium had revenue
of at least as much as VCGyy, the same statement does not
hold when comparing GSP.p with VCG2p, which is VCG
applied to the two-dimensional valuations (the revenue from
VCG2p is greater equal that from VCGar). The proof of
the result below follows from the proofs of Theorems 4.2,
4.3 and 4.4 in §4 (observe that the loss in revenue actually
occurs only when the outcome of GSPep is S; when the
outcome is M, the revenue of GSPsp is at least as much as
the revenue of (the two-dimensional) VCG2p).

THEOREM 3.3 (REVENUE). Any envy-free equilibrium
of GSP>p with outcome M has revenue at least as much as
VCGap. Any equilibrium of GSPap with outcome S where
losers bid at least their true value has revenue at least half
that of VCGap.

4. CPC SYSTEMS

‘We now move on to CPC-based systems, where advertisers
bid and pay per click, as is prevalent in sponsored search.
The values (v;,v;), and bids (b;, b;) are correspondingly per-
click values and per-click bids respectively.

Note that when advertisers have such two-dimensional val-
uations, a mechanism such as GS Py which always displays
multiple ads (i.e., has only one outcome, M) can suffer from
an unbounded loss in efficiency (for instance, if v; = ev; for
all advertisers, i.e., all advertisers strongly prefer exclusiv-
ity).

In the presence of CTRs, GSPzp is modified as follows.

GSP>p with clickthrough rates: The mechanism
GSPap compares Dmaxf to Zfizl Giflb;ni to decide whether
the outcome should be S or M.

o If baxd > Zf:; i—1by,,, the outcome is S with win-

ktlg,_1b!
1 3 . i= i—1 .
ning bidder max, whose payment is ==2——"% per

0
click.

o If byaxd < SF11 0, 1b),, , assign the page to bidders
mi,...,my and charge them according to GSP pricing,
i.e. bidder m; (for i < k) has to pay b;nH_l per click.

In the remainder of this section, we investigate the effi-
ciency and revenue of the equilibria of this mechanism. As
before, we will be interested in these properties for good
equilibria of the mechanism, where losers bid at least their
true value. Further, when the outcome is M, we will restrict
ourselves, as in [9] and [4], to envy free equilibria, since the
revenue guarantees for G.S Py relative to VCG1p themselves
hold only for envy-free equilibria of GS Py .

The easy lemma below, which follows immediately from
individual rationality, will be used repeatedly.

LEMMA 4.1. In any equilibrium of GSPap with outcome
M, vy, > b, for every i < k.

mMi+1

THEOREM 4.1. If the efficient outcome s S (Vmaxd >
Zle 0;v;), there is no equilibrium of GSPap with outcome

PROOF. Assume for the sake of contradiction that b’ is an
equilibrium vector of bids in GSP.p with outcome M and
recall that indices mi,...,m, are such that b'm1 > ... >
.

First, note that by Lemma 4.1, vmaxf > Zle O;v; >
Zle 9¢b’mi+1. Therefore, if the bidder with highest S value,
max, bids his true value, the outcome will change to S. Con-
sequently, max must be in {mu, ..., mx}, since otherwise, he
has utility 0 in the outcome M while he can make his utility
positive by bidding truthfully.

Next, we show that even if max € {m1,...,mx}, he still
has an incentive to deviate and bid truthfully to change the
outcome to S. More precisely, we show that the payoff of
max in outcome S is more his payoff in outcome M:

_ (91()2,12 +...+6kbl )

a(vmax - g Tktl ) > aj(vénax - b;nj‘*'l)7

where index j is such that m; = max. That is, we want
to show

gvmj — (91();”2 + ..+ Okb) ) > 9](1},/,”} - bfijrl).

M41
Rearranging, and wusing the fact that max €
{m1,...,mi}, that is, j < k, it suffices to prove:

/
mjt2

’
ME4+1

gl)mj > (01b{m2+ . .+0j_1b'mj —|—9]'U:n]. —|—0j+1b +.. +0kb

To show this, we start with:

/ /
011}1 + A akvk
VUmax —_— .

0
By definition vi > ... > v}, therefore we get:

/ /
leml + ...+ Gkvmk
Umax — .

0

By Lemma 4.1, we can replace vy, by by, for all i # j,
which gives us

Um; >
(911){,”2 + ...+ ijlb'lrnj =+ ijini. + 9j+1b;nj+2 + ...+ ekbfmk+1)

0

which is what we needed to show. [

PROPOSITION 4.1. Suppose the efficient outcome is M.
Every equilibrium of GSPap with outcome S where losers
bid at least their true values has efficiency within a factor 3
of the optimal. Any envy-free equilibrium with outcome M
is efficient.

PROOF. For brevity and clarity, we describe the proof
when bidder max is bidder 1 (the proof for j is very similar).
Since the outcome of GGSP is S, she must prefer outcome
S to every slot; specifically, to the first slot in outcome M.
Therefore,

k
g'Umax - Z eib;nH,l Z 01 (Ull - b;’YLQ)

i=1



Since losers bid at least their true values m; < 7 + 1 and
therefore, b, ;2 Viy1, SO we get

k
g’umax 2 911]1 + Z 92'”’24»2'

=2

Our goal is to show 30Umax > Ele 6;v; which follows
from the above inequality because OVmax > 0101, OVmax >
02v5, and O1v] + 2512 Oiviio > Zf:s 0;v;. The efficiency of
an envy-free equilibrium of GSP.p follows directly from the
arguments in [9]. [

While an argument similar to that in the proof of The-
orem 5.2 can be used to show the existence of an equilib-
rium (although without the guarantee on revenue), note that
losers need not be bidding at least their true value in these
equilibria. While we were able to prove the existence of
good equilibria in the previous section without clickthrough
rates, this appears to be harder when clickthrough rates are
present. Therefore, unlike in the previous section, where
we guaranteed the existence of equilibria with good revenue
and efficiency properties, here we only guarantee that such
equilibria have good revenue and efficiency properties if they
exist. We point out that when 6 is either sufficiently high
or sufficiently low (i.e., close to 61), it is easy to show that
such good equilibria do exist; however, the meaning of 'suf-
ficiently’ depends not only on the other clickthrough rates,
but on the underlying true values as well.

4.1 Revenue

In this section, we compare the revenues of equilibria in
GSP>p with the revenue of VCGa2p. We point out that
the results in this section make use of the assumption that
advertisers weakly prefer exclusivity, i.e., v; > v;. Before
we move on to the revenue comparison results, we restate
the allocation and pricing rule of the VCG mechanism for
this setting with clickthrough rates. The expressions for the
VCG prices, and correspondingly the proofs of our results,
are considerably less neat than in the previous section with
no clickthrough rates.

ExXAMPLE 4.1. VCG with CTR’s The VCG mechanism
compares QUmax and 01v] + 0205 + ... + Opvy,.

o If Oumax > O1v] + 020 + ... + Ogv), VCOG al-
locates the page to only one advertiser, mnamely
max, and charges him either the sum of the k
highest 0;vis (excluding himself) divided by 0 or
the second highest S wvalue, whichever 1is larger.
That is, if 1 < max < k the winner’s payment 18

THEOREM 4.2. Suppose the efficient outcome is S. The
revenue in any equilibrium of GSPap where losers bid at
least their true wvalues is at least half of the revenue of
VCGap.

PrROOF. First, recall that the only possible equi-
librium outcome 1is S. The revenue of GSP;p is
max (0.2, Zle Gib;nﬁ_l). We give lower-bounds for both
terms and then show that the revenue of VCG2p cannot be
larger than the sum of the lower bounds; therefore, the rev-
enue of VCGap cannot be more than twice of the revenue
Of GSPQD.

First we assume max # 1. We have 0b,,.2 > Ov..2 >
v > Gvy > 010}, since v, < v; and losers bid at least their
true values.

For the other term, we know that all bidders except max
are losers in outcome S. Therefore, b, > v; for every i #
max. So we get

k Jj— k+2
! !
Z mlJrl Z i—1v; + Z 0;_ov;
i=1 =2 i=j+1

where j = min(max, k + 2).
On the other hand, the revenue of VCGsp is

k+1

max(Gv, .2 ZGUZ‘I- Z 0i—1v5)

i=l+1

where | = min(max, k + 1).

To finish the proof, we need to show that the sum of the
lower bounds we have for GSP»p is greater than or equal to
revenue of VCGap:

j k42
maxz+291 it Y Oiov) >
i=j+1
k41
max(Gv,, 2, Z@vl—i— Z 0i—1v5).
i=l+1

If the first term in the VCGap revenue is the dominant
term, the inequality obviously holds. Otherwise, we need to
show that

k+2 k41
mdx2+20l Wi Y 0 2v1>29w1+ > v,
i=j7+1 i=l+1

e., it is enough to show that

j k+2 k+1
91v1+2 Oi1vi+ Y Oiovi > 01v1+20 vit Y iy,
i=j+1 i=l+1

Ina'X(Umax2 )

91v1+92v2+ +9k”k

per click, else it is max(vy, a2, z ) per

click.

o If Oumax < 010 + 0205 + ... + Oxv},, then VCG alloca-
tion is M, but the expression for the payments is more

complicated. The i-th advertiser’s payment per click is
(fori <k):

k k
pi = max(Z(@ —9J+1)’U]+1,0Umax i Z 037}] +01'U1)

j=1i j=1

91“1"" +9max—1”max71+9max+lvmax+1+ +9k+1vk+1bll

t this inequality clearly holds using term-by-term com-
parison.

It remains to prove the the theorem for the case where
max = 1. In this case, the revenue of GSPsp is actually
greater equal that of VCG2p. The revenue of GSPsp is

k k
max(gbmaXZ ’ Z eib'lmprl) Z max(gbtrla)ch Z 6ﬂ)£+1)

1=1 =1

while the revenue of VCGap is

ma‘X Umax? E 0 vl+ 1



Therefore, the revenue of VCG2p is less than or equal to
the revenue of GSPsp in this case.

O

A simple modification to Example 4.2 shows that this factor
of 2 is tight (set v1 = 3 so that the efficient outcome is S).

The following additive bound on revenue follows immedi-
ately from the previous proof:

! !
Rvca,p — 0101 + Okviio < Rasp,p -

THEOREM 4.3. Suppose the efficient outcome is M. Any
envy-free equilibrium of GS Pap with outcome M has revenue
greater equal that of VCGap.

Proor. First, note that since the equilibrium is envy-
free, the ordering of M-bids is the same as ordering of M-
values ([9]). We show that the payment of advertiser ¢ (for
1 < k) in GSPsp is at least as much as his payment in
VCGsap.

Recall from 4.1 that the payment for advertiser i in
VCGzD is

3 - k
pi =max(D_(6; — 6;41)0) 41, O0max_, — > 0505).
J=i i

First we prove that GGSP payment of bidder i, Hib§+1, is
at least Ovmax_ ; Zf i 0]-1);. We will prove this by contra-
diction: if not, we show that there is a bidder with a prof-
itable deviation to S. Let [ be the bidder with the highest
S-value excluding 4, i.e. v; = Umax_;. By the contradiction
hypothesis,

k
Oibiy < Ovr = 0;v].
J#i

If I is not a winner, he has a profitable deviation by
bidding (v, b;) which changes the outcome to S because
Qv > 328, 0,05 +0:bG,1 > 25 0,8, (Of course, bidding
(v1,0) is a “more profitable” deviation, but is unnecessary for
the argument.)

So suppose that [ is a winner. Adding and subtracting
0;b;,, and rearranging we get

k
0u(v] — big1) < Ovr — (Oibigy + Oibisy + | 0;05).
JFul
Note that the term in parentheses on the right hand side is
an upper-bound on the price that [ has to pay for S if he devi-
ates and bids (v, b]): the price for S is at most Zle 0541
(since the outcome with the original vector of bids was M,
Obmax < Zle ij;_H, so the price for S is always domi-
nated by this term). Since b}, ; < v} (the original vector of
bids was in equilibrium), the price for S is upper-bounded
by (0:biy 1 + b1 + Zf# ,0;v5) as claimed, showing that
I can deviate profitably. (Note that as before, this bid does
change the outcome to S.)
k

The fact that 6:bj,, > 3°7_,(60; —

from the lower bound on bids in envy-free equilibria in [9],

which also holds for envy-free equilibria in outcome M of
GSP,p. O

0;41)vj4q follows

THEOREM 4.4. Suppose the efficient outcome is M. The
revenue in any equilibrium of GSPap with outcome S where

losers bid at least their true values is at least half of the
revenue of VCGap.

Proor. The proof,
considering  cases. The

max(0by oy, Yoy Oiblm, ).

M1
k
> i, Di where

unfortunately,  proceeds by
revenue of GSP:p is
The revenue of VCGap is

k k
pi = max(} (65 — 0;4+1) V41, Ovmax_, — Y 6;07).
i=i i

k

j:i(ej - 9j+1)1)§‘+1» and p? =

- Zf#l 0;v5), so that p; = max(p;,p;). First note

that p; < 6;v/,,. Also, from individual rationality we have
pi < 00}

We consider the following three cases, and will prove for

each case that 0b,,,,2 +>F_ Oibin, > S, pi. Therefore,

the revenue of GSPsp is at least half the revenue of VCGap.

For ease of notation let p} >

Q'Umax,i

1. If max > k:

All bids b),...,b,41 are at least v in this
case, so the revenue of GSP:p is at least
max(0v,,,.2, Zle 0;viy1). The revenue of VCGsp is
at most p; + Zf:z 6;v}. Since Qv .2 > Ov; > Ov) >
61v}, we have Qv,,,.2 > p1, and hence

k k
gvmaxz + Z 01'1);4»1 2 D1 + Z 0“];7
i=1 i=2
which implies that the revenue of GSPsp is at least
half the revenue of VCGap.

2. If 1 < max < k: e
this case is at least max(0v, .2,

The revenue of GSP;p in

max —2 0 / +
j=1 V41
Z?:max—l v} 2) because all losers bid at least their
true values. We first consider the case where p; > p?
for every i. The revenue of VCGap cannot befmore
Ehan Zle pj < Zle 0;vi11. Since Ovp,,2 > vy >
evl{nax > amaxvinax’

max —2 k k
avmaxz + Z 9]'1];?%1 + Z 9]‘@;«%2 2 Z 0]"‘};+17
Jj=1 j=max —1 Jj=1
which shows the revenue of VCGsp cannot be more
than twice the revenue of GSPzp in this case.

For the other case, let | be some index for which
pi < p?. We consider two cases depending on whether
Phax > Prax O Piax > DPr... For both cases, we
upper-bound the VCGap payment of bidder i (for
i # max and i # [) by @;v). First, if pZ.c > Phaxs
the revenue of VCGap is at most

k k

p12 +p12nax + Z 9]'1);' = gvmax - Z 9]”03‘
Jj#max,j#l J#l

k k
+ Ovpax — Z 0;v; + Z 6,0}

j#max JjF#max,j#l
k
— <6vmax — Z ij;) 4 Ovpay2 -
j=1

Since the efficient outcome is M, the term in parenthe-
ses is less equal zero, therefore, the revenue of VCGap



is bounded above by fv,,,.2, which is clearly less equal
the revenue of GSPsp.
Now, if pliax > pZax, the revenue of VCGap is
k
PP+ Pmax + Y
Jj#max,j#l

k
= gvmax - Z ej

L j=max j#max,j#l

Since Ovmax —Z?ﬂ 0;v; < 01vj, the revenue of VCGap
is at most

max —1 max —1

Z 005+ Z 0;vj41 = 011+ Z 0,05+ Z 0;Vj1-

j=max j=max

Since Qv,,,.2 > 017, by term-by-term comparison we

get
max —2
Ovmarz + > 05041 + Z 0010 >
Jj=1 j=max —1
max —1
0101 + Z 6;v; + Z 0;vj41,

j=max

which implies the revenue of GSPs2p is at least half of
the revenue of VCGap.

3. If max = 1:

The revenue of GSP;p in this case is at least
max(Gv,,,.2, Z 10;v5,2) because all losers bid at
least their true values. As before, we first consider the
case where p! > p? for every i; the revenue of VCGap
cannot be more than Zf Py < Zle 6;v%,. Since
9 2 > 01}2 > 91)2 > 91’[}2,

Umax

k k
?Umaxz + Z 9]'1);-_,_2 > 9111& + Z 9j1)3+1

Jj=1 Jj=2

which shows that the revenue of VCG2p cannot be
more than twice of revenue of GSP>p in this case.

The analysis of the other case is almost identical to
when 1 < max < k, so we omit repeating it here.

O

Example 4.2 shows that this factor 2 is tight as well.

How does GSP:p compare to GSPp in terms of rev-
enue? Suppose bidders have two-dimensional valuations
(vi,vi), but are only offered the G'SPy mechanism with
its one-dimensional bidding language. Since the outcome
of GSPys is never S, bidders will bid according to valua-
tions v} in GSPy. The example below shows that the rev-
enue of GSP.p can actually be smaller than the revenue in
GSPu, i.e., if the search engine had persisted with the old
mechanism. Note that the example continues to hold for
v1 = M for any M > 1; demonstrating a revenue efficiency
trade-off: choosing to use GSPy leads to greater revenue
than GSP.p, but can lead to an arbitrary loss in efficiency.
However, in this example, the losing bidders do not particu-
larly value exclusivity, that is, their preferences are approx-
imately one-dimensional. In the next section, we design a

k k
1);- —+ Z (03 — 0j+1)1);+1 —+ Z 0"1)/-.

mechanism with two outcomes, but a one-dimensional bid-
ding language, for valuations where bidders do not place a
high premium on exclusivity. As we will see, the new mecha-
nism does not suffer from this potential loss in revenue with

respect to GSPay;.

EXAMPLE 4.2. Suppose that @ = 1+ ¢ and 6; = 1 for
i=1,2,k=2v1=14+ev2=v3=1, and v, =1 fori < 3.
The revenue of GS Py for this example is 2 for all equilibria
and all bidders have utility 0. However, if advertiser 1 bids
(00,0), and advertisers 2 and 3 bid truthfully, this is an
equilibrium with revenue 1 and payment 1 with utility € > 0
for the winner. In fact, this is the highest possible revenue
in any equilibrium outcome of GSPap.

5. CPA SYSTEMS

As we saw in the previous section, a two-dimensional bid-
ding language can cause loss in revenue relative to GSPuy
when most bidders do not value exclusivity highly. In this
section, we study an auction with a one-dimensional bidding
language but two outcomes S and M as before, for situations
where v; =~ v} for all bidders, since there is little loss in ef-
ficiency here in allowing bidders to report only one value.
Such an auction is preferable when bidders’ private values
are one-dimensional, as in cost per conversion systems, or
approximately one-dimensional, as in CPC models where
the externality imposed by other ads affects mainly the click-
through rate and has a negligible effect on the value per click
of an ad. Note that the auction is still expressive—it has two
possible outcomes S and M, and in fact an advertiser’s to-
tal value is still two-dimensional; the bid is one-dimensional
because it reflects the advertiser’s private value (as distinct
from the total value), which is one-dimensional.

Recall that bidders have one dimensional values v;, and
are numbered so that v1 > ... > v,. Also, in this section we
will assume that 6 > 01, since otherwise there is no benefit
from allowing the outcome S.

The mechanism GSPip takes as input a vector of bids
(b1,...,bn), and computes the allocation and payments as
follows.

o If Ob,, > SF, 0iby, ., then the outcome is
S. The prlce that advertiser 1 has to pay is
max(Oby,,, Z 10ibm; ).

e Otherwise, the outcome is M and the pricing is the
same as in GSPy,.

5.1 Efficiency

THEOREM 5.1. If the efficient outcome is S (Buv1 >
Zle 0;v; ), there is no envy-free equilibrium of GSPip with
outcome M. Further, there exist equilibria with outcome S.

PROOF. Suppose instead that there is an envy-free equi-
librium b1, ... bgy1 where the outcome is M. Since the equi-
librium is envy-free, from [9], the first advertiser must oc-
cupy the top slot. Since he prefers not to deviate to S we
have

k
51)1 — Z 0¢b7;+1 S 91(’01 — b2).

i=1



Also, since the bids are in equilibrium, we have b;11 < v;
from individual rationality. Therefore,

k
vy < Z 0;v;
i—1

which contradicts the efficiency condition.

To show the existence of an equilibrium with outcome S,
let bi,...,bk+1 be an (envy-free) equilibrium vector of bids
in GS Py (existence is shown in [9]). We will show that the
first bidder prefers the outcome S with any such vector of
bids, and therefore, he can bid oo to ensure this outcome
(none of the losers has incentive to deviate because they
cannot change the outcome to increase their utility).

Since bi+1 < v;, we have Zle 0;v; > 01v1 + 25:2 0¢bi+1.
Since the efficient outcome is S, Ovy > Zle O;v; > O1v1 +
Zf:z 0;b;+1. Rearranging,

k
vy — Z 0:bit1 > 01(v1 — b2) > 0;(v1 — bit1)

i=1

where the last inequality is because the bids bi,...,bg+1
is an envy-free equilibrium in GSPy. So the first bidder
prefers S to any slot in M, and the vector (oo, bz, ..., bgt+1)

is an equilibrium for GSPip. [

EXAMPLE 5.1. If the efficient outcome is M, GSPip can
have equilibria which are inefficient, as this example shows.
Suppose there are three slots k = 3 with 61 = 1,02 = 1,03 =
1/2 and four bidders with vi = 2,v2 = 3/2,v3 = 3/2,v4 = 1;
suppose that § = 2 + .

The efficient outcome is M with welfare 4.25 while the
welfare of S is 4 + 2e.

We show that the vector of bids (00,3/2,3/2,1) is an equi-
librium for GSPip with outcome S. First, note that the
utility of advertiser 1 for S outcome is 4 + 2e — 3.5 > 0.5.
Howewver, his utility for each of the slots in outcome M 1is
exactly 0.5 which implies he prefers S outcome to M. No
other advertiser can change the outcome from S to M be-
cause 6 > 01.

Note that Theorem 5.2 guarantees the existence of an
equilibrium (with outcome either S or M) when the effi-
cient outcome is M. We prove the result below for efficiency
of 7good equilibria”, i.e., equilibria when losers bid at least
their true values.

PROPOSITION 5.1. Suppose the efficient outcome is M,
every equilibrium of GSPip with outcome S where losers
bid at least their true values has efficiency within a factor 2
of the optimal. Any envy-free equilibrium with outcome M
is efficient.

PROOF. From [9], every envy-free equilibrium with out-
come M is efficient also. This only leaves us with equilibria
where the outcome is S, but the efficient outcome is M.

Since S is the equilibrium outcome of GSPy, advertiser
1 must prefer outcome S to M. In particular,

k
§U1 — Z 0¢v¢+1 2 91(’[)1 — 1)2).
i=1
Rearranging and adding v, to both sides, we have

k
vy + Ovy > Z Oivir1 + 6101 + Ovy,

=2

and therefore

k
25’01 2 Z 91'1)2',
i=1

i.e., the welfare in outcome S is never less than half that in
the efficient outcome. []

5.2 Revenue

Recall that in Example 4.2, the highest revenue equilib-
rium of GSP2p had strictly smaller revenue than the revenue
in GSPy. The theorem below shows that this cannot hap-
pen with GSPip: for every equilibrium of GS Py, there is
an equilibrium of GSP;p with at least as much revenue.

THEOREM 5.2. Suppose bi,...,bkt1 is an envy-free equi-
librium vector of bids for GSPur, there is an equilibrium
vector of bids for GSPip with at least the same revenue.

PROOF. Suppose that the underlying vector of values is
Viyeooy Uk+1-

Given the bids be, ..., bgt1, advertiser 1 prefers either S
or M. We consider each of these cases. First suppose he
(strictly) prefers M. Since b1,...,br+1 is an envy-free equi-
librium of GS Py, if he (strictly) prefers M he must have
the highest utility for the first slot. So

k
vy — Zeibi+1 < 01(v1 — b2)

i=1

We will show that b~1 = by +€,b2,b3,...,bk+1 is an envy-
free equilibrium vector of bids in GS P, p leading to outcome
M. Rearranging the condition above we get

k
Z eibi+1 > 1}1(5 — 91) > bg(? — 91)
1=2
SO
_ k
Oby <y Oibis.

=1

So there is small enough € such that §b~1 < Zle 0;b;+1 and
the outcome is M. Furthermore, this is an envy-free equi-
librium because changing b1 does not affect the price of any
slot and the other bids are unchanged. Also, the revenue in
GS Py with this vector of bids is the same as that in GS Py
with bids b1, ..., bk41-

Next, suppose he prefers S. Then by bidding high enough,
(i.e., the bid vector is (00, ba,...,bkt+1)) he can change the
outcome to S. Note that since § > 1, no S deviation by
any of the bidders 2,...,k 4+ 1 can change the outcome to
M, so these bidders have no incentive to deviate. So this is
an equilibrium with revenue max(6bs, Zle 0;bi+1) which is
at least as large as the revenue in GS Py .

O

Note that the condition for advertiser 1 to prefer M given
ba,...,br4+1 can be written as
k —
Z gibi.t,_l > (9 — 91)111 + 01bs.
i=1

So if there exists envy-free equilibria in GSPy with high
enough revenue, or equivalently, if 6 is ’small’, i.e., close



enough to 601, there is an envy-free equilibrium in GSPip
with outcome M. Note that when @ is ’high’ enough, the
advertiser with the highest value will prefer outcome S even
when losers bid truthfully. Thus for small enough, and large
enough 6, “good” equilibria exist; a constructive proof is
required only for intermediate values of 6.

Next we compare the revenue of GSP;p with that of VCG

applied to this setting.

PROPOSITION 5.2. In any equilibrium of GSPip with
outcome S where losers bid at least their true values, the
revenue of GSPip is at least half the revenue of VCG1p.

PROOF. The payment of advertiser i (for ¢ < k) in VCG
is p; = max(35_, (0 — 0;11)v541, Ovmax_, — >+, 0;v;). On
the other hand, revenue of GSPy is max(ZfZl Givi“,?vz).

By individual rationality we have p; < 6;v;. Moreover, for
advertiser 1, Z?:i(oj'—gj+1)1)j+1 S 91112, and VUmax_; — V2, SO
p < maX(01U2,§U2) < Gvq (recall that 0 > 61). Therefore,
the revenue of VCG1p is at most Ovs + ZLQ 0;v;. Now

k k
2RGsp,, > Ova + Z 0;vit1 > Ova + Z 0;vi = Rvcaip,

i=1 =2

which completes the proof. []

THEOREM 5.3. Suppose the efficient outcome is M. Any
envy-free equilibrium of GSPip with outcome M has at least
as much revenue as VCG1p.

The proof of this statement is very similar to that of Theo-
rem 4.3, and is omitted for want of space.

6. FURTHER WORK

The most obvious question left unanswered in our current
work is the question of the existence of good equilibrium in
pay per click models (recall that we prove the existence of
such good equilibria for pay per impression models, where
click through rates are not present). There are a number
of other interesting directions for further work as well. The
form of values we consider, where an advertiser has one value
for being shown exclusively and one for being shown with
other advertisers, is only one way to approximate a k- di-
mensional value vector which is a decreasing function of the
number of accompanying ads. Another two-dimensional ap-
proximation to the same underlying function is that an ad-
vertiser has some value v; as long as no more than some
number n; of other ads are shown alongwith, and zero if
any more than n,; ads are shown. Which of these is a bet-
ter bidding language? The answer to this must depend on
the form of the underlying k-dimensional value vector, and
formalizing the relation could be an interesting theoretical
question.

There are interesting empirical questions as well. How
much do accompanying ads affect the conversion rate con-
ditional on a click, i.e., how much does the value per click
change with or without accompanying ads? What do the
clickthrough rates 6 and 6; actually look like, and what are
the revenue and efficiency properties in equilibria with real
parameter values? The answers to these questions will be
important to determine which of these mechanisms are suit-
able for use in practice.
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